The 15 Gauss contiguous relations for 2F1 hypergeometric series imply that any three 2F1 series whose corresponding parameters differ by integers are linearly related (over the field of rational functions in the parameters). In the paper several properties of contiguous relations for general triples of hypergeometric (and q-hypergeometric) functions are proved, and their application to evaluation and transformation of hypergeometric series is considered.
Contiguous relations of 2 F series
In this section, let are contiguous. As is known [AAR99, 2.5], for any three contiguous 2 F 1 functions there is a contiguous relation, which is a linear relation, with coefficients being rational functions in the parameters a, b, c and the argument z. For example, 
In these relations two hypergeometric series differ just in one parameter from the third hypergeometric series, and the difference is 1. The relations of this kind were found by Gauss, there are 15 of them. A contiguous relation 3 n=1 f n F a + α n , b + β n c + γ n = 0, f 1 , f 2 , f 3 ∈ C(a, b, c, z),
for any three contiguous hypergeometric functions can be found by taking a finite sequence of contiguous functions such that neighbouring series differ just in one parameter by 1, and combine linearly the Gauss contiguous relations between them. For instance, one can link two functions Contiguous relations can be computed more effectively by using the properties of their coefficients in the following theorem. In this section we assume that the parameters a, b, c and z are not related, and by S a , S b , S c we denote the shift operators a → a + 1, b → b + 1 and c → c + 1 respectively. The theorems of this section are proved in section 3. Theorem 1.1 For any integers k, l, m there are unique functions P(k, l, m) and Q(k, l, m), rational in the parameters a,b,c and z, such that
These functions satisfy the same contiguous relations as F
a, b c
, that is, if (5) is a contiguous relation, then
c (f n ) P(k+α n , l+β n , m+γ n ) = 0, and similarly for Q(k, l, m). Besides, we have:
and
To compute a contiguous relation for any three contiguous hypergeometric series, one can take one of the series as F a, b c
. Then the other two are
bining the expressions (6) for these two functions one gets:
Instead of combining Gauss contiguous relations for a sequence of contiguous hypergeometric series, as mentioned above, one can compute functions Q(k, l, m) and Q(k ′ , l ′ , m ′ ) in a similar way, and apply formulas (8) and (9). Note that one can take any other of the given three functions in (9) as , and obtain a contiguous relation involving, say, Q(−k, −l, −m) and
The two contiguous relations must be the same up to a rational factor and corresponding shifts in the parameters. Here are the explicit relations, which can be useful in computations as well.
Theorem 1.2
The following expressions hold.
Here (a) k = Γ(a + k)/Γ(a) is the Pochhammer symbol; for positive k it is equal to a (a + 1) . . . (a + n − 1).
As mentioned, both theorems above are proved in section 3. In the next section we discuss contiguous relations for more general hypergeometric series and their applications.
Generalization and applications
Generalized hypergeometric series are defined as:
Two p F q series are contiguous if their respective upper and lower parameters differ by integers. Like for 2 F 1 series, there are linear relations between contiguous generalized hypergeometric series. In general they relate 1 + max(p, q + 1) hypergeometric series, see [Rai60, §48] and [AAR99, 3.7] . In particular, relations (3) and (4) also hold for hypergeometric series with more upper and lower parameters. These relations allow to transform any difference operator to a difference operator with different shifts in one upper parameter only (by lowering all other upper parameters and raising the lower ones). It follows that general contiguous relations for p F q series are generated by the relations of type (3-4), and a recurrence relation with the shifts in one upper parameter. Like for 2 F 1 series, contiguous relations for generalized hypergeometric series can be computed by linearly combining a sequence of simplest contiguous relations. Theorem 1.1 (without formula (8)) generalizes when the parameters are not related and we take max(p, q + 1) hypergeometric terms with successive shifts in a chosen parameter on the right-hand side of (6). Theorem 1.2 generalizes for classes of hypergeometric functions with three-term contiguous relations, for example, for 3 F 2 (1) functions.
Similarly, there are contiguous relations for q-hypergeometric series, see [AAR99, 10.9 ] for the definition of r φ s series. Two such series are contiguous if their corresponding upper and lower parameters differ by a power of the base q. Moreover, multiplicative q-shifts in the argument of these functions can also be allowed, since the q-shift in the argument can be expressed in the q-shift of the parameters, say:
For any three contiguous 2 φ 1 series, where also q-shifts in the argument z are allowed, there is a contiguous relation. Allowing q-shifts in the argument z is natural, because many transformations of q-hypergeometric series mix the parameters a, b, c and the argument z, see [AAR99, (10.10.1)]. The q-differential equations for r φ s series can be interpreted as contiguous relations in this more general sense, since they can be seen as q-difference equations. P. Paule has shown, that general contiguous relations can be computed by a generalized version of Zeilberger's algorithm, see [Pau01] . However, for large shifts k, l, m this method is not very efficient, because the growing degree of coefficients of contiguous relations imply larger linear problems. On the other hand, difference (and q-difference) equations for hypergeometric functions can be computed as special cases of contiguous relations by the described methods, alternatively to Zeilberger's algorithm.
Contiguous relations can be used to evaluate a hypergeometric function which is contiguous to a hypergeometric series which can be satisfactorily evaluated. For example, Kummer's identity [AAR99, Cor. 3 
can be generalized to
where the factors P (n) and Q(n) can be expressed for n ≥ 0 as:
and similarly for n < 0, see [Vid01] . Formula (14) is essentially a contigu-
when n is an integer. These series are contiguous to the 2 F 1 (1/4) and 3 F 2 (1) series evaluable by Gosper's or Dixon's (respectively) identities. Both new formulas are also three-term contiguous relations, where two hypergeometric terms are evaluated and the coefficients are written as terminating hypergeometric series. In both cases all series contiguous to Gosper's 2 F 1 (1/4) or well-posed 3 F 2 (1) series can be evaluated by contiguous relations, but general expressions for the coefficients in the final three-term expression like (14) are not known. Formulas like (14) may specialize to one-term evaluations. For example, P (−5) = 0 if 2 a 2 − 4 a b + b 2 − 12 a + 17 b + 12 = 0, and under this condition formula (14) may be brought to
By parameterizing the curve given by the relation between a and b one gets an exotic formula, see [Vid01, (33) ]. Apparently, this kind of formula can be obtained only by using contiguous relations and a known evaluation.
General transformations of hypergeometric series can be derived from the symmetries of their contiguous relations. For example, all terms in the relations between 24 Kummer's 2 F 1 functions (see [Erd53, 2.9]) satisfy not only the same hypergeometric differential equation, but also the same contiguous relations with the same shifts in the parameters a, b and c. To show this statement, one can check that two functions
satisfy basic contiguous relations (2-4). Then the functions 
satisfy the same contiguous relations as well, since the coefficients in relations
are constants with respect to the integer shifts in the parameters a, b, c. Other 18 hypergeometric functions are alternative representations of u 1 , . . . , u 6 , see [Erd53, 2.9]. All relations between 24 Kummer's functions are generated by (23-24), so the statement follows. In principle, relations (23-24) can be found using the fact that the three terms satisfy the same difference equation of order 2 with respect to some parameter (or a set of contiguous relations "of order 2"), and finding the constants from, say, asymptotics of the hypergeometric functions. Also quadratic or other algebraic transformations can be found in this way. An interesting question is whether there are new identities between hypergeometric series implied by the symmetries of their contiguous relations. In the remainder of this section we demonstrate how the symmetries of (in particular) second order recurrence equations for hypergeometric functions can be investigated.
Hypergeometric series satisfy many recurrence equations. One can introduce a discrete parameter n by replacing several continuous parameters by a → a + 2n or similarly; then a recurrence equation is a contiguous relation between sufficiently many hypergeometric functions with successive n. Suppose that the recurrence relation is
with A(n), B(n) and C(n) being rational functions in n. We are interested in situations, when two hypergeometric series (with a discrete parameter n) satisfy the same recurrence relation, perhaps after multiplying the functions by Γ-factors, or more generally, by a solution of a first order difference equation with coefficients rational in n. For this reason, we call two hypergeometric functions with discrete parameter n equivalent if they differ by a factor which is a solution of a first order difference equation. For example, S(n) is equivalent to:
The sequence Z(n) satisfies the recurrence:
In fact, Z(n) is the unique sequence equivalent to S(n) and satisfying a recurrence relation of form Z(n + 1) − Z(n) + . . . Z(n − 1) = 0. It follows that an equivalence class of hypergeometric functions is determined by the rational function
For convenience, we assume that S(n) does not satisfy a first order recurrence relation, and that B(n) = 0 for all n.
Hypergeometric series with a discrete parameter n can be classified by their equivalence class function. One can compute this function for various types of hypergeometric functions and different introductions of the discrete parameter n. For each rational function one can compute the resultant of its numerator and denominator with respect to n in order to investigate cases when the rational function can be simplified to a quotient of polynomials of smaller degree in n. Then different equivalence class functions with the same degrees of the numerator and the denominator can be compared.
For example, the equivalence class function for 0 F 1 − c+n z is the polynomial −(n + c − 1)(n + c − 2)/z. This is also the equivalence class function for
When c = 2a, this rational function is also a polynomial of degree two, namely −4(2n + 2a − 1)(2n + 2a − 3)/z 2 . By comparing these two polynomials we conclude that there must be a linear relation between
where the coefficients are determined Γ-factors times a constant with respect to the shift n → n + 1. In fact, 1 F 1
z . Comparison of equivalence class functions often gives symmetries of a hypergeometric functions as a permutation group of the roots of its numerator or denominator. For example, the equivalence class function for 1 F 1 a+n c z is
Transformation a → 1 + a − c and c → 2 − c interchanges the roots of the denominator, and leaves the equivalence class function invariant. The author computed a number of equivalence class functions for r F 1 (with r = 0, 1, 2) and 3 F 2 (1) functions. They do not imply new identities, except plenty of exotic two-term identities such as (17), and some interesting consequences of known identities. Straightforward computations are too cumbersome when the degree of numerators or denominators of equivalence class functions exceeds 10. However, this method generalizes easily to q-hypergeometric functions. A more intelligent consideration of the symmetries of recurrence (and contiguous) relations could be helpful in finding relations between hypergeometric functions when one cannot use symmetries of differential equations for them, say when the variable z is specialized, or the parameters and z are related.
Proof of theorems
Proof of theorem 1.1. As mentioned, the contiguous relations are generated by the 15 Gauss relations (and shifts in the parameters). In fact, they are generated by just three of them, for example by (2-4), which express . There are no relations between these three generators, and given the initial conditions (7) they determine the functions P(k, l, m) and Q(k, l, m) for any k, l and m. These functions fit into equation (6), since all three terms satisfy the same contiguous relations, and it holds for the two initial values. would also be a rational function. Then
− 1 would be a rational function as well. But this function has infinitely many poles according to Kummer's formula (13), hence a contradiction.
To prove the last equality, note that S a Q(k − 1, l, m) satisfies the same contiguous relations as P(k, l, m), because increasing a by 1 and decreasing k by 1 represents the same function on the left-hand side of (6). The values of S a Q(k − 1, l, m) or k = 1, 2 are the same as of P(k, l, m) up to the factor P(2, 0, 0) = c − a − 1 (a + 1) (1 − z) .
QED.
Proof of theorem 1.2 Let us introduce:
W p,q,r (k, l, m) := P(k, l, m) P(k + p, l + q, m + r) Q(k, l, m) Q(k + p, l + q, m + r) .
Lemma 3.1 The following properties of the W -symbol hold.
1. W 0,0,0 (k, l, m) = 0.
2. W p,q,r (0, 0, 0) = Q(p, q, r). 
These two equations imply the first statement. For the second statement, note that the determinant in (10) can be expressed in two ways as the symbol W , which gives: 
The first statement and transformation of Pochhammer symbols give (11). Theorem 1.2 is proved. QED.
